This research analysed the action and characteristics of the relationship between mutual-feed jointvariations of groundwater. On this basis, a theory and method for constructing a dynamic programming management model for groundwater with covariates was proposed which used the state transition equation method. The model was solved using the differential dynamic programming (DDP) method. Thereafter, the groundwater system of the Songyuan area in western Jilin Province was treated as an area of interest to study the major problem of the relationships governing mutual- 
INTRODUCTION
In the numerical simulation and optimal management of a groundwater system, the hydraulic connections and the exchange relationships of groundwater with other water bodies have to be considered (Culver & Shoemaker ; Andricevic ). The exchange capacities including exchange with river waters, evaporation, spring discharge, etc. show one common characteristic (Chen & Tang ) .
That is, the exchange amounts depend on the level of the groundwater at the replenishment and the discharge points instead of being set by humans (Li ; Hao & Ma ) .
These kinds of exchange capacities are known as covariates.
The relationship between the amounts of pumping or replenishment, the groundwater level and the covariates is called the mutual-feed joint-variation relationship (Li et al. ; Yu et al. ) . For a management model of groundwater with covariates, the optimised amount of pumping or replenishment, the groundwater level, and the covariates need to be calculated. As they are associated and mutually interactive, this kind of model becomes complex and therefore difficult to solve. At present, the establishment and solution of the management model for groundwater with covariates has been solved using the embedding method and the response matrix method (Rahmani & Shahriari ) . However, the establishment and solution of the dynamic programming management model for groundwater with covariates are seldom studied, and nor is the practical management of groundwater systems using the theory and method of the relationship of mutual-feed joint-variation which was attempted to solve these problems in this paper.
The authors proposed a theory and method of constructing a dynamic programming management model for groundwater with covariates using the state transition equation method. Moreover, the model was solved using a differential dynamic programming (DDP) method. To study the major relationships innate to the mutual-feed joint-variation in the Songyuan area of Jilin Province, China, more attention was paid to certain areas in Qianguo and Fuyu counties. In these areas, the covariates include the exchange amount with river waters, spring discharge, and evaporation. On the basis of the simulation model, the dynamic programming management model for groundwater with covariates was established using the state transition equation method. By solving the model using the DDP method, the optimised pumping amount, the groundwater level, and the covariates were obtained simultaneously.
The method is capable of solving practical problems.
THE SIMULATION MODEL FOR GROUNDWATER WITH COVARIATES
A simulation model was established and solved by taking twodimensional heterogeneity and isotropy, unconfined groundwater and unsteady flow as an example. Assuming that the unconfined aquifer is thick with only a slight change in water level and differs greatly with the aquifer in thickness, the unconfined aquifer can be calculated by regarding it as a confined water body. Then the partial differential equation governing groundwater behaviour with covariates is Equation (1):
where t, h, T, and μ represent the time (d), the groundwater level (m), the transmissibility coefficient (m method (Xue & Xie ) . After performing implicit difference discretisation on the linearly partial differential equation in the prediction model, an approximate algebraic equation set is obtained through the finite difference method, as in the following Equation (2):
where G, h, S, P, and Q represent the matrix of water conductivity, the column vector of unknown water head, the 
By consolidating the coefficients in the above Equation,
we obtain
Then by multiplying A À1 on both sides of Equation (3), the following Equation (4) is obtained after rearranging:
Equation (4) in Equation (5):
where
The average values of the covariates in each period are calculated using the following Equation (6):
where h η (0) and h η (t) refer to the initial and final groundwater levels of the ηth unit with covariates (m).
THE DYNAMIC PROGRAMMING MANAGEMENT MODEL FOR GROUNDWATER WITH COVARIATES
Using the state transition equation method to develop the management model expresses the final groundwater levels, which need to be controlled in each period, by the controllable input variables (decision variables) of the initial groundwater level. In the process, the transformation form, that is, the state transition equation, of the simulation model of the groundwater system is used. On this basis, the management model is established in cognisance of other factors, so that the simulation model and optimal mode of the groundwater system can be coupled and connected.
For instance, a dynamic programming management model for groundwater with covariates is constructed to minimise the pumping cost. Apart from the amount of pumping, the pumping cost for the groundwater is also associated with the pumping lift (depending on the depth of the groundwater). Therefore, based on the state transition equation of the groundwater system, the following dynamic programming management model is developed with the groundwater level and the water demand as constraints.
The objective function is Equation (7):
The constraints are
where Z represents the total pumping cost (¥10,000 p.a.), N is the number of total pumping periods, M refers to the number of units (mesh number) with mining wells, and Equation (7) is the expression of the objective function, that is, the minimisation of the pumping cost, and hl i À h kþ1
represents the pumping lift. Equation (8) gives the state transition equation of the groundwater system with covariates and Equation (9) is used to calculate the groundwater level constraint. Equation (10) requires that the total pumping amounts of each unit in the kth period are equal to, or higher than, the water demand w k of the research area.
By substituting the state transition equation, Equation (8), into Equation (7), a dynamic programming management model with a quadratic objective and linear constraints is obtained.
The objective function is expressed as Equation (11):
The constraints are expressed as Equation (12): The target layer for calculation in the groundwater system in the research area is divided into three layers vertically, which include the unconfined aquifer, the aquitard, and the confined aquifer. These three layers show unified hydraulic connectivity and comprise a unified groundwater system. In summary, the groundwater system of the research area is unsteady and presents heterogeneity and isotropy characteristics.
The mathematical model of the unconfined aquifer is Equation (13) (Xue & Xie ):
The mathematical model of the confined aquifer is Equation (14) (Xue & Xie ):
where D, h, M, and K are the simulated infiltration area, the groundwater level (m), the thickness of the aquifers (m), and the permeability coefficient (m/d), respectively; t, μ, and μ Ã refer to the time (d), the specific yield, and the water storage coefficient of the unconfined aquifer, separately, Γ 1 and Γ 2 represent the first and the second type boundaries, andñ shows the outer normal direction.
In addition, h 1 (x, y, t), h 0 (x, y), q(x, y, t), and P are the The principal research area is located in Songyuan, which is located in northwestern Jilin Province, China. (Figure 1 ).
According to the natural boundaries and the burial conditions pertaining to the hydrogeology in the research area, it was divided into six management units (Figure 2 ). In the pumping of the six management units, the programming requires that we obtain a minimal pumping cost while meeting the requirements for groundwater level and water demand in the area. The programming time is consistent with the prediction period of the model (4 years from 1 January 2010 to 31 December 2013). The programming is divided into two periods, each of which is also divided into two differential periods.
The covariates in the management units are as follows.
The covariates in the second management unit mainly include the exchange with river water and evaporation; that in the third management unit is evaporation; the major covariates in the fourth and fifth management units are evaporation and spring discharge; and in the sixth management unit, spring discharge and exchange with river water are the main covariates. 
The establishment of the management model
Based on the state transition equation of the groundwater system in the research area, the dynamic programming management model for groundwater with its covariates was developed. In the model, the groundwater level and the water demand were adopted as constraints, and the objective function was the minimisation of the pumping cost.
The objective function is expressed as Equation (15):
The following constraints are imposed as Equation (16):
The meanings of the symbols in Equations (15) and (16) match those in Equations (7) Furthermore, the water level at the 14 wells' control points was required to be no lower than the given controlled water level h min , 127 m here. For the constraint on the water supply, two aspects have to be considered. On the one hand, the pumping amount needs to satisfy the water demand for normal production, life, and the environment in the research area; on the other hand, the pumping amount cannot exceed the pumping capacity of the research area.
Optimisation using the management model
By studying the solution concept and method of the dynamic programming management model for groundwater with its covariates, DDP was applied here. Then, the optimised pumping amount, the groundwater level, and the covariates were calculated simultaneously. The optimal pump costing result was obtained as 842.73 × ¥10,000 p.a. The allocation of the optimal pumping amount in each management unit is listed in Table 1 . Tables 2 and 3 show the values of the covariates after optimal exploitation and the groundwater levels in each management unit, respectively.
Analysis of the results
As shown in the optimisation results, in all management units there existed groundwater exploitation. According to the exploitation scheme, the blind exploitation of groundwater for large quantities centralised in a certain management unit can be avoided, therefore preventing the occurrence of large-scale cones of depression. Table 2 indicates that the groundwater level decreased after optimal exploitation, which reduced spring discharge and evaporation. As seen from Table 3 , all groundwater levels at each control point were higher than the specified lowest level, which met the constraint on groundwater level.
Since the Second Songhua River flows through the second and the fourth management units, the groundwater levels in these areas are mainly influenced by the river level. As is known from existing data, the groundwater level in the area along the river has been continuously increased in recent years, and large amounts of groundwater are pumped into these two management units after optimal exploitation. For the management units with spring discharge, more groundwater is exploited after optimal exploitation as existing data indicate that the groundwater in these areas has not been efficiently utilised.
In the second, third, and fourth management units, large quantities of the groundwater are wasted through evaporation from phreatic water. Hence, to make full use of the groundwater in these units, more groundwater needs to be pumped so as to utilise part of the evaporation of the groundwater.
CONCLUSIONS
A dynamic programming management model for groundwater with covariates was developed and solved using the DDP method. The method divides the process of programming management into multiple periods. The state variable at the end of each period is related only to the initial state and the decision variable of the period. In this way, the computational effort is significantly reduced. Therefore, the method, which is capable of solving practical problems, is applicable to the management of large groundwater systems with multiple periods. Thereafter, the groundwater system of Songyuan area in western Jilin Province was treated as an area of interest to study the major problem of the relationships governing mutual-feed joint-variation. Based on the numerical simulation model, the research paid more attention to Qianguo County and Fuyu County and established a dynamic programming management model of the groundwater with covariates for these areas. Then the optimised amount of pumping, the groundwater level, and the covariates were solved simultaneously.
The research enriches the theory and methods available to solve mutual-feed joint-variation relationships in groundwater management models. Furthermore, it lays a theoretical foundation, and provides technical support, for the solution of various practical problems. Investigating the mutual-feed joint-variation relationships in groundwater management models is of significance in that it reveals the interaction among multiple factors affecting the groundwater system. In addition, such a study is important for determining how to solve groundwater shortages and environmental problems using effective measures.
